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Time Reversal Violation (TRV) interactions between quarks which appear in Standard Model
(SM) and beyond-SM theories can induce TRV components in the nucleon-nucleon potential. The
effects of these components can be studied by measuring the electric dipole moment (EDM) of
light nuclei. In this work we present a complete derivation of the TRV nucleon-nucleon and three-
nucleon potential up to next-to-next-to leading order (N2LO) in a chiral effective field theory (χEFT)
framework. The TRV interaction is then used to evaluate the EDM of 2H, 3H and 3He focusing in
particular on the effects of the TRV three-body force and on the calculation of the theoretical errors.
In case of a measurement of the EDM of these nuclei, the result of present work would permit to
determine the values of the low energy constants and to identify the source of TRV.
I. INTRODUCTION
The violation of parity (P) with the conservation of
charge conjugation (C) generates a CP violation that,
using the CPT theorem, results in a time reversal vi-
olation (TRV). TRV is a key ingredient in the expla-
nation of the observed matter-antimatter asymmetry in
the Universe [1]. The Standard Model (SM) has a nat-
ural source of CP-violation in the Cabibbo-Kobayashi-
Maskawa (CKM) quark mixing matrix, however this
mechanism is not sufficient for explaining the observed
asymmetry [2]. This discrepancy opens a window in pos-
sible TRV effect in the SM, such as the θ-term in the
Quantum Chromodynamics (QCD) sector [3], or in other
sources of beyond-SM (BSM) theories [4].
The measurement of Electric Dipole Moments (EDMs)
of particles is the most promising observable for study-
ing TRV beyond CKMmixing matrix effects. Indeed, the
EDM induced by the complex phase of the CKM matrix
are suppressed since the EDM does not involve flavour
changing [4–7]. Therefore, any non-vanishing EDM of a
nuclear or an atomic system would highlight TRV effects
beyond the CKMmixing matrix. The present experimen-
tal upper bounds on the EDMs of neutron and proton are
|dn| < 2.9·10−13 e fm [8] and |dp| < 7.9·10−12 e fm, where
the proton EDM has been inferred from a measurement
of the diamagnetic 199Hg atom [9] using a calculation
of the nuclear Schiff moment [10]. For the electron, the
most recent upperbound is |de| < 8.7 · 10−16 e fm [11],
derived from the EDM of the ThO molecule.
In this context, there are proposals for the direct mea-
surement of EDMs of electrons, single nucleons and light
nuclei in dedicated storage rings [12–16]. This new ap-
proach plans to reach an accuracy of ∼ 10−16 e fm, im-
proving the sensitivity in particular in the hadronic sec-
tor. Any measurement of a non-vanishing EDM of this
magnitude would be the evidence of TRV beyond CKM
effects. However, a single measurement will not be suffi-
cient to identify the source of TRV. For this reason, the
measurement of EDM of various light nuclei such as 2H,
3H and 3He can impose constrains on the TRV sources.
On the other hand, also spin rotation of polarized neu-
trons along the y-axis can be used as probe for TRV [17–
21]. This explorative study is motivated by the new sen-
sitivity reached by various cold neutron facilities such as
the Los Alamos Neutron Science Center, the National In-
stitute of Standards and Technology (NIST) Center for
Neutron Research, and the Spallation Neutron Source
(SNS) at Oak Ridge National Laboratory. Even if the
sensitivity of the spin-rotation on TRV is far away from
the present sensitivity of the EDM, this observable ad-
dresses the same physics of the EDM, posing, for the fu-
ture, as a complementary and independent test for TRV
in nuclei. Also other TRV observables in proton- and
neutron-nucleus scattering have been proposed as probes
of TRV effects [21–25].
The use of light nuclei to study TRV results to be ad-
vantageous because the nuclear physics of the systems is
theoretically under control and so the TRV effects can
be easily highlighted. In particular, the chiral effective
field theory (χEFT) has provided a practical and suc-
cessful scheme to study two and many-nucleon interac-
tions [26, 27] and the interaction of electroweak probes
with nuclei [28–34]. The χEFT approach is based on
the observation that the chiral symmetry exhibited by
QCD has a noticeable impact in the low-energy regime.
Therefore, the form of the strong interactions of pions
among themselves and other particles is severely con-
strained by the transformation properties of the funda-
mental Lagrangian under Lorentz, parity, time-reversal,
and chiral symmetry [35, 36]. The Lagrangian terms can
be organized as an expansion in powers of Q/Λχ, where
Λχ ≃ 1 GeV specifies the chiral symmetry breaking scale
and Q is the exchanged pion momentum. Each term is
associated to a low-energy constants (LECs) which are
then determined by fits to experimental data.
The χEFT method permits to construct also an ef-
fective TRV Lagrangian treating all possible sources of
TRV. The TRV Lagrangian induced by the θ-term was
derived in Refs. [37, 38]. Also BSM terms such as su-
persymmetry, multi-Higgs scenarios, left-right symmet-
ric model etc. induce TRV operators at the quark-gluon
level which appear at level of dimension six (see for exam-
ple Ref. [39]). The χEFT Lagrangians for these sources
2were derived in Refs. [38, 40–42]. This approach permits
not only to determine the TRV interactions but also to
estimate the chiral order of the LECs and their values
as function of the fundamental parameters, providing a
direct connection between the fundamental theories and
the nuclear observables [37, 38, 40]. To be noticed that
the chiral order of the Lagrangian terms, which is deter-
mined by the products of the chiral order of the dynam-
ical part and that of the LECs, really depends on the
particular source of TRV. Therefore, when the LECs will
be determined experimentally it will be possible to iden-
tify the dynamical properties of the TRV source [42, 43].
Starting from the TRV Lagrangian, de Vries et al. [44]
and also Bsaisou et al. [45] derived the chiral poten-
tial up to next-to-next leading order (N2LO) including
only nucleon-pion interaction and contact interactions.
In both works also the electromagnetic currents which
play a role at N2LO for the EDM were derived but only
in Ref. [45] they were used to evaluate the EDM of the
deuteron. In Ref. [46] the calculation of the EDM of
2H, 3H and 3He was performed using only the one-pion-
exchange part of the TRV potential coupled with phe-
nomenological potential for the parity conserving (PC)
part of the interaction.
Subsequent works showed the presence in the TRV La-
grangian of a three-pion term [38], which was included in
the calculation for the first time by Bsaisou et al. [47].
This term generates at next-to-leading order (NLO) also
a TRV three body force, which contribution to the 3H
and 3He EDM was found to be smaller than expected by
the chiral counting. The calculation reported in Ref. [47]
was also the first to use a complete chiral approach in-
cluding the TRV potential up to NLO and the PC po-
tential up to N2LO.
The aim of this work is twofold: First, the construction
of a TRV potential up to N2LO considering all possible
TRV interaction terms in the χEFT without making any
assumption for the chiral order of the LECs. In this way
all possible sources of TRV can be studied just setting
the LECs to their estimated values and turning on and
off the various terms in the Lagrangian. The second is
the study of the EDM of 2H, 3H and 3He, providing a
suitable framework for the future determination of the
LECs. In our calculation the contribution of the TRV
three-body force is found to be sizably larger than re-
ported in Ref. [47].
Finally, it is worthy to mention that exists a differ-
ent approach to the derivation of the TRV nuclear forces
based on meson-exchange model [19]. This model in-
cludes pion and vector-meson exchange with 10 unknown
meson constants. Such a theory, which has a wider en-
ergy range of validity but it is less systematic and with
no direct connection with the fundamental Lagrangian,
has been used to study the EDM of light nuclei [19, 48–
50] and the neutron spin rotation ~n − ~p [20] and ~n − ~d
[19, 22] scattering.
The present paper is organized as follows. In Sec. II we
will present the TRV chiral Lagrangian up to order Q2
relevant for the calculation of the TRV potential, while in
Sec. III we derive the TRV potential at N2LO. In Sec. IV,
we report the results obtained for the EDM of 2H, 3H
and 3He using the N2LO potential. Finally, in Sec. V
we present our conclusions and perspectives. The tech-
nical details relative to the contributions of the various
diagrams, and of the derivation of the potential in con-
figuration space are given in Appendices A, B and C.
Moreover, in Appendix D we will give some details of
the calculation of the trinucleon wave function negative-
parity component and about the convergence of the TRV
three body force contribution.
II. THE TRV LAGRANGIAN
The various possible sources of TRV in SM induce a
TRV NN and NNN potential. This potential can be
constructed starting from a pion-nucleon effective La-
grangian which includes, in principle, an infinite set of
terms which violates the chiral symmetry as the fun-
damental (quark-level) Lagrangian. The effective La-
grangian can be ordered by a power counting scheme
which permits to select the most important interactions.
In literature the chiral order of the TRV Lagrangian is
determined by considering the estimated order of the
LECs [37, 38, 40] which, however, is source dependent.
In this section we present only the TRV Lagrangian
terms which can give some contribution to TRV NN and
NNN potential up to N2LO in terms of pion field. In or-
der to remain source independent we consider isoscalar,
isovector and isotensor terms and we determine the chi-
ral order of the TRV Lagrangian considering only the
dynamical part. Namely, in the following we will con-
sider all the TRV LECs to be equally important. To deal
with a specific source of TRV, it will be sufficient to set
some of the LECs to be zero, etc. At order Q0 the TRV
pion-nucleon Lagrangian includes three terms [37, 38]
LπN (0)TRV = g0ψ~π · ~τψ + g1ψπ3ψ + g2ψπ3τ3ψ , (1)
where ~π is the pion field and ψ is the nucleon field. To
be noticed that the isotensor term is usually considered
of higher order. At the same order a purely pionic inter-
action appears [38], which reads
L3π (0)TRV =M∆3π3π2 , (2)
where M = 938.88 MeV is the average nucleon mass. At
order Q we have only one term that can give contribution
to the potential up to N2LO and it reads, given explicitly
as,
LπN (1)TRV =
g
(1)
V
2Mfπ
[
ψ∂µ(~π × ~τ)3∂µψ + h.c.
]
, (3)
while no Lagrangian terms for the pure pionic interaction
are allowed. At order Q2 we get six new contributions,
LπN (2)TRV =
g
(2)
S1
f2π
ψ∂µ∂
µ(π · τ)ψ
3+
g
(2)
S2
2M2f2π
[
ψ∂µ∂ν(π · τ)∂µ∂νψ + h.c.
]
+
g
(2)
V 1
f2π
ψ∂µ∂
µπ3ψ
+
g
(2)
V 2
2M2f2π
[
ψ∂µ∂νπ3∂
µ∂νψ + h.c.
]
+
g
(2)
T1
f2π
ψ∂µ∂
µπ3τ3ψ
+
g
(2)
T2
2M2f2π
[
ψ∂µ∂νπ3τ3∂
µ∂νψ + h.c.
]
, (4)
where S, V , T stand for isoscalar, isovector and isotensor
respectively and fπ ≃ 92 MeV is the pion decay constant.
The three-pion interaction that appears at this level gives
contributions of order Q2 to the TRV nuclear poten-
tial which is beyond our purpose, therefore we do not
consider it. The Lagrangian contains also four-nucleon
contact terms LCTTRV representing interactions originat-
ing from excitation of resonances and exchange of heavy
mesons. At lowest order LCTTRV contains only five indepen-
dent four-nucleon contact terms with a single gradient.
In the following we also need the PC Lagrangian up to
N2LO:
LPC = L(2)ππ + . . .
+ L(1)Nπ + L(2)Nπ + L(3)Nπ + . . .+ LPCCT , (5)
L(2)ππ =
f2π
4
〈∇µU †∇µU + χ†U + χU †〉 , (6)
L(1)Nπ = ψ
(
iγµDµ −M + gA
2
γµγ5uµ
)
ψ , (7)
L(2)Nπ = c1ψ〈χ+〉ψ −
c2
8M2
[
ψ〈uµuν〉DµDνψ + h.c.
]
+ c3ψ
1
2
〈uµuµ〉ψ + c4ψ i
4
[uµ, uν ]σ
µνψ + . . . , (8)
L(3)Nπ = d16ψ
1
2
γµγ5uµ〈χ+〉ψ
+ d18ψ
i
2
γµγ5[Dµ, χ−]ψ + . . . , (9)
where the building blocks U , uµ, χ+, χ− and the co-
variant derivative Dµ are defined in Ref. [51]. We have
omitted all the terms not relevant in the present work (for
the complete expression for Lagrangian L(2)Nπ and L(3)Nπ in
Ref. [52]). Four-nucleon contact terms (see, for example,
Refs.[53, 54]) are lumped into LPCCT . The parameters c1,
c2, c3, c4, d16, and d18 are LECs entering the PC La-
grangian. All the constants entering the terms discussed
in this section have to be considered as “bare” parame-
ters (i.e. unrenormalized).
III. THE TRV POTENTIAL UP TO ORDER Q
In this section, we discuss the derivation of the TRV
NN and NNN potential at N2LO. We provide, order by
order in power counting the formal expressions for it in
terms of the time-ordered perturbation theory (TOPT)
amplitudes, following the scheme presented in Ref. [51].
Then, the various diagrams associated with these ampli-
tudes are discussed (additional details are given in Ap-
pendix B). We will give also some hints in the renormal-
ization of the coupling constants.
A. From amplitudes to potentials
We start considering the conventional NN scattering
amplitude 〈N ′N ′|T |NN〉, where |NN〉 and |N ′N ′〉 rep-
resent the initial and final two nucleon state and T can
be written as,
T = HI
∞∑
n=1
(
1
Ei −H0 + i ηHI
)n−1
, (10)
where Ei is the initial energy of the two nucleons, H0
is the Hamiltonian describing free pions and nucleons,
and HI is the Hamiltonian describing interactions among
these particles. To be noticed that in Eq. (10) the inter-
action Hamiltonian HI is in the Schro¨dinger picture and
that, at the order of interest here, it follows simply from
HI = −
∫
dx LI(t = 0,x), where LI is the interaction
Lagrangian in interaction picture. Vertices from HI are
listed in Appendix A.
The NN scattering amplitude can be organized as an
expansion in powers of Q/Λχ ≪ 1, where Λχ ≃ 1 GeV is
the typical hadronic mass scale,
〈N ′N ′|T |NN〉 =
∑
n
T (n) , (11)
where T (n) ∼ Qn.
The T matrix in Eq. (11) is generated, order by order
in the power counting, by the NN potential V from it-
erations of it in the Lippmann-Schwinger (LS) equation,
V + V G0 V + V G0 V G0 V + . . . , (12)
where G0 denotes the free two-nucleon propagator. If we
assume that,
〈N ′N ′|V |NN〉 =
∑
n
V (n) , (13)
with V (n) of order Qn, it is possible to assign to any
T (n) the terms in the LS equation that are of the same
order. Generally in term like [V (m)G0V
(n)] is of order
Qm+n+1 because G0 is of order Q
−2 and the implicit
loop integration brings a factor Q3 (for a more detailed
discussion, see Ref. [33]).
In our case the two nucleons interact via a PC po-
tential plus a very small TRV component. The χEFT
Lagrangian implies the following expansion in powers of
Q for T = TPC + TTRV :
TPC = T
(0)
PC + T
(1)
PC + T
(2)
PC + . . . , (14)
4TTRV = T
(−1)
TRV + T
(0)
TRV + T
(1)
TRV + . . . . (15)
Assuming that the potential V = VPC + VTRV have a
similar expansion,
VPC = V
(0)
PC + V
(1)
PC + V
(2)
PC + . . . (16)
VTRV = V
(−1)
TRV + V
(0)
TRV + V
(1)
TRV + . . . , (17)
we can match order by order the T and the terms in the
LS equation obtaining the form definition of the TRV
NN potential from the scattering amplitude,
V
(−1)
TRV = T
(−1)
TRV , (18)
V
(0)
TRV = T
(0)
TRV −
[
V
(−1)
TRV G0V
(0)
PC
]
−
[
V
(0)
PCG0V
(−1)
TRV
]
, (19)
V
(1)
TRV = T
(1)
PV −
[
V
(0)
TRV G0V
(0)
PC
]
−
[
V
(0)
PCG0V
(0)
TRV
]
−
[
V
(−1)
TRV G0V
(1)
PC
]
−
[
V
(1)
PCG0V
(−1)
TRV
]
−
[
V
(−1)
TRV G0V
(0)
PCG0V
(0)
PC
]
−
[
V
(0)
PCG0V
(−1)
TRV G0V
(0)
PC
]
−
[
V
(0)
PCG0V
(0)
PCG0V
(−1)
TRV
]
. (20)
The generalization for the NNN TRV potential is
straightforward.
B. The NN TRV potential
We define the following momenta,
Kj = (p
′
j + pj)/2 , kj = p
′
j − pj , (21)
where pj and p
′
j are the initial and final momenta of
nucleon j. From the overall momentum conservation p1+
p2 = p
′
1+p
′
2, we can define k = k1 = −k2. We also define
K = (K1−K2)/2, P = p1+p2 =K1+K2, in this way
is possible to write the TRV NN potential as,
VTRV (k,K1,K2) = V
(c.m.)
TRV (k,K)+V
(P )
TRV (k,K) , (22)
where the term V
(P )
TRV (k,K) represents boost corrections
to V
(c.m.)
TRV (k,K) [55], the potential in the center-of-mass
(c.m.) frame. Below we ignore these boost corrections
and provide expressions for V
(c.m.)
TRV (k,K) only.
The diagrams that give contribution to the NN TRV
potential are shown in Fig. 1. We do not consider di-
agrams which give contribution only to the renormal-
ization of the LECs. In this section we write the final
expression of the NN TRV potential V
(c.m.)
TRV as,
V
(c.m.)
TRV = V
(OPE)
TRV + V
(TPE)
TRV + V
(3π,0)
TRV + V
(3π,1)
TRV
+V
(RC)
TRV + V
(3π,RC)
TRV + V
(CT)
TRV , (23)
namely as a sum of terms due to one-pion exchange
(OPE), two-pion exchange (TPE), three-pion exchange
at NLO (3π,0) and at N2LO (3π,1), relativistic cor-
rections derived from the OPE (RC) and from the 3π-
exchange (3π,RC), and contact contributions (CT). From
(a) (b) (c) (d) (e) (f)
(h) (i) ( l) (m)(g) .
FIG. 1. Time-ordered diagrams contributing to the TRV
potential (only a single time ordering is shown). Nucleons
and pions are denoted by solid and dashed lines, respectively.
The open (solid) circle represents a PC (TRV) vertex.
now on we define also g∗0 = g0+g2/3 (see Appendix B for
details). The OPE term is the contribution of diagram
(a) of order Q−1 (LO) and it reads,
V
(OPE)
TRV =
gAg
∗
0
2fπ
(τ 1 · τ 2) ik · (σ1 − σ2)
ω2k
+
gAg1
4fπ
[
(τ1z + τ2z)
ik · (σ1 − σ2)
ω2k
+(τ1z − τ2z) ik · (σ1 + σ2)
ω2k
]
+
gAg2
6fπ
(3τ1zτ2z − τ 1 · τ 2) ik · (σ1 − σ2)
ω2k
,
(24)
where there are an isoscalar, an isovector and an isoten-
sor components and g∗0 = g0 + g2/3. The coupling con-
stants gA/fπ, g
∗
0, g1, g2 are renormalized coupling con-
stants, having reabsorbed the various infinites generated
by loops and given as combinations of the “bare” LECs
entering the Lagrangian. The expression for gA/fπ is
the same as reported in Ref. [51]. The LECs g
(2)
S1 , g
(2)
S2 ,
etc. enter in Eq. (24) through the renormalized constants
g0, etc. (see Appendix B for more details). Note that,
as mentioned before, the correct expressions of the renor-
malized constants in term of the bare ones should contain
also the contributions of additional diagrams not consid-
ered here (see Ref. [51] for the procedure to be followed
for the PC and PV potentials, respectively).
The TPE term comes from the not singular contribu-
tion of panels (e)-(h) of Fig. 1, taking also into account
the subtracting terms given in Eq. (20). As discussed
in Appendix B this term has no isovector component, in
agreement with the result reported in [44]. Therefore, as
reported in Eqs. (B10) and (B17), we have,
V
(TPE)
TRV =
gAg
∗
0
fπΛ2χ
τ 1 · τ 2 ik · (σ1 − σ2) L(k)
+
g3Ag
∗
0
fπΛ2χ
τ 1 · τ 2 ik · (σ1 − σ2) (H(k)− 3L(k))
5− gAg2
3fπΛ2χ
(3τ1zτ2z − τ 1 · τ 2) ik · (σ1 − σ2) L(k)
− g
3
Ag2
3fπΛ2χ
(3τ1zτ2z − τ 1 · τ 2)
× ik · (σ1 − σ2) (H(k)− 3L(k)) ,
(25)
where the loop functions L(k) and H(k) are defined in
Eqs. (B11) and (B18). In this and the following NLO
and N2LO terms the bare coupling constants gA, fπ, g
∗
0 ,
. . . can be safely replaced by the corresponding physical
(renormalized) values.
The 3π-exchange term gives a NLO contribution
through the diagram (i) of Fig. 1,
V
(3π,0)
TRV =−
5g3A∆3M
4fπΛ2χ
π
[
(τ1z + τ2z)
ik · (σ1 − σ2)
ω2k
+ (τ1z − τ2z) ik · (σ1 + σ2)
ω2k
]
×
((
1− 2m
2
π
s2
)
s2A(k) +mπ
)
, (26)
where A(k) is defined in Eq. (B22). The expression ob-
tained in Eq. (26) is in agreement with the expression
derived in Refs. [38, 40].
The diagram in panel (l) of Fig. 1 contributes to V
(3π)
TRV
at N2LO. The expression for this diagram is derived in
Appendix B, here we report the final result only,
V
(3π,1)
TRV =
5gA∆3Mc1
2fπΛ2χ
[
(τ1z + τ2z)ik · (σ1 − σ2)
+ (τ1z − τ2z)ik · (σ1 + σ2)
]
4
m2π
ω2k
L(k)
− 5gA∆3Mc2
6fπΛ2χ
[
(τ1z + τ2z)ik · (σ1 − σ2)
+ (τ1z − τ2z)ik · (σ1 + σ2)
](
2L(k) + 6
m2π
ω2k
L(k)
)
− 5gA∆3Mc3
4fπΛ2χ
[
(τ1z + τ2z)ik · (σ1 − σ2)
+ (τ1z − τ2z)ik · (σ1 + σ2)
](
3L(k) + 5
m2π
ω2k
L(k)
)
.
(27)
Note in Eq. (27) the presence of the c1, c2 and c3 LECs,
which belong to the PC sector. In Eqs. (26) and (27) the
∆3 is the renormalized LEC to the relative order of the
expressions.
The V
(RC)
TRV term of the potential takes into account
contributions from the RC of the vertices in the OPE of
panel (a),
V
(RC)
TRV =
gAg
∗
0
8fπM2
τ 1 · τ 2 1
ω2k
×
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]
+
gAg1
16fπM2
1
ω2k
×
{
(τ1z − τ2z)
[
− i
2
(
8K2 + k2
)
k · (σ1 + σ2)
+k · σ1(k ×K) · σ2 + k · σ2(k ×K) · σ1
]
+(τ1z + τ2z)
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]}
+
gAg2
24fπM2
(3τ1zτ2z − τ 1 · τ 2) 1
ω2k
×
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]
,
(28)
where, as for the OPE, we have an isoscalar, an isovector
and an isotensor term. Also the diagram of Fig. 1 (i)
gives a contribution to the at N2LO, both from the RC
of the vertices, and from NLO in the pion propagators
(see Appendix B). The final expression we obtain is
VTRV
(3π,RC) = − 5g
3
A∆3
16fπΛ2χ
[
(τ1z + τ2z)ik · (σ1 − σ2)
+ (τ1z − τ2z)ik · (σ1 + σ2)
]
×
(25
6
L(k)− 7
2
m2π
ω2k
L(k) + 2
m2π
ω2k
H(k)
)
− 25g
3
A∆3
12fπΛ2χ
1
ω2k
{
(τ1z + τ2z)
[
k · σ1(k ×K) · σ2
+ k · σ2(k ×K) · σ1
]
+ (τ1z + τ2z)
×
[
k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]}
,
(29)
where in Eqs. (28) and (29) the TRV coupling constants
are renormalized to order Q2.
Last, the potential V
(CT)
TRV , derived from the NN con-
tact diagrams (b) of Fig. 1, reads
V
(CT)
TRV =
1
Λ2χfπ
{
C1 ik · (σ1 − σ2)
+ C2 ik · (σ1 − σ2) τ 1 · τ 2
+
C3
2
[
ik · (σ1 − σ2) (τz1 + τz2)
−ik · (σ1 + σ2) (τz1 − τz2)
]
+
C4
2
[
ik · (σ1 − σ2) (τz1 + τz2)
+ik · (σ1 + σ2) (τz1 − τz2)
]
+ C5 ik · (σ1 − σ2) (3τz1τz2 − τ 1 · τ 2)
}
.(30)
6Above C1, C2, C3, C4 and C5 are renormalized LECs
since they have reabsorbed various singular terms coming
from the TPE diagrams, 3π diagrams and the relativistic
corrections. Note that it is possible to write ten operators
which can enter V
(CT)
TRV at order Q but only five of them
are independent. In this work we have chosen to write
the operators in term of k, so that the r-space version of
V
(CT)
TRV will assume a simple local form with no gradients.
We want also to remark that the C2, C4 and C5 LECs
are needed in order to reabsorb the divergences coming
from the TPE and 3π exchange diagrams.
In the calculation of the EDM in Sec. IV, the config-
uration space version of the potential is needed. This
formally follows from
〈r′1r′2|V |r1r2〉 = δ(R −R′)
∫
d3k
(2π)3
d3K
(2π)3
× ei(K+k/2)·r′V (k,K)e−i(K−k/2)·r , (31)
where r = r1−r2 and R = (r1+r2)/2, and similarly for
the primed variables. In order to carry out the Fourier
transforms above, the integrand is regularized by includ-
ing a cutoff of the form
CΛ(k) = e
−(k/Λ)4 , (32)
where the cutoff parameter Λ is taken in the range
450–550 MeV. With such a choice the V
(OPE)
TRV , V
(TPE)
TRV ,
V
(3π,0)
TRV , V
(3π,1)
TRV , and V
(CT)
TRV components of the resulting
potential are local, i.e., 〈r′1r′2|V |r1r2〉 = δ(R−R′) δ(r−
r′)V (r), while the RC component contains mild non-
localities associated with linear and quadratic terms in
the relative momentum operator −i∇. Explicit expres-
sions for all these components are listed in Appendix C 1.
C. The NNN TRV potential
The 3π TRV vertex gives rise to a three body contri-
bution through the diagram (m) in Fig. 1. The lowest
contribution appears at NLO while at N2LO the vari-
ous time ordering cancel out (see Appendix B). The final
expression for the NLO of the NNN TRV potential is,
V NNNTRV =
∆3g
3
AM
4f3π
(τ 1 · τ 2 τ3z + τ 1 · τ 3 τ2z + τ 2 · τ 3 τ1z)
× (ik1 · σ1) (ik2 · σ2) (ik3 · σ3)
ω2k1ω
2
k2
ω2k3
, (33)
which is in agreement with the expression of Ref. [38, 40].
Also in this case we need the Fourier transform of the
potential. Using the overall momentum conservation p1+
p2+p3 = p
′
1+p
′
2+p
′
3, which give us that k3 = −k1−k2,
and defining Q = k1 + k2 and q = k1 − k2 the Fourier
transform becomes,
〈r′1r′2r′3|V |r1r2r3〉 = δ(r1 − r′1)δ(r2 − r′2)δ(r3 − r′3)
×
∫
d3q
(2π)3
d3Q
(2π)3
V (q,Q)e−i(q/2)·x2 e−iQ·x1 ,
(34)
where x1 = r2 − r1 and x2 = r3 − (r1 + r2)/2. Note
that with this choice of Q and q, the form of the Jacobi
vectors appear automatically. We use the regularization
function reported in Eq. (32), where we replace k with
Q, namely,
CΛ(Q) = e
−(Q/Λ)4 , (35)
which gives a local form of the NNN TRV potential. A
complete description of how to carry out the integration
in the Fourier transform is given in Appendix C 2.
IV. RESULTS
In this section, we report results for the EDM of 2H,
3H and 3He. Hereafter, we do not use the barred notation
for the renormalized LECs but all the coupling constant
must be considered as renormalized. The calculations are
based on the TRV NN potential derived in the previ-
ous section (and summarized in Appendix B) and on the
(strong interaction) PCNN potential obtained by Entem
and Machleidt at next-to-next-to-next-to-next-to-leading
order (N4LO) [26]. These potentials are regularized with
a cutoff function depending on a parameter Λ; its func-
tional form, however, is different from the adopted here
for VTRV . Below we consider the versions with Λ = 450
MeV, 500 MeV, and 550 MeV. The calculations of 3H
and 3He EDMs also include the NNN TRV nuclear po-
tential derived in Sec. III C and the PC NNN potential
derived in χEFT at N2LO. As for the NN PC potential,
it depends on a cutoff parameter Λ which is chosen to be
consistent with those in the PC and TRV NN potentials.
The three-nucleon PC potential depends, in addition, on
two unknown LECs, denoted as cD and cE and also on
the LECs c1, c3 and c4. In this work, we use the values
reported in Table III of Ref. [56]. The V
(3π,1)
TRV term of the
TRV potential depends on the LECs c1, c2 and c3 which
are taken from Table II of Ref. [26] and summarized here
in Table I. In the following the values gA = 1.267 and
PC interactions c1 c2 c3
N2LO -0.74 - -3.61
N3LO -1.07 3.20 -5.32
N4LO -1.10 3.57 -5.54
TABLE I. Values of the coefficients and c1, c2, c3 in unit of
GeV−1 taken from Ref. [26].
fπ = 92.4 MeV are adopted.
This section is organized as follows. In Sec. IVA, we
present the general expression for the EDM operator and
the results for the deuteron EDM, while in Sec. IVB we
present the calculation of the 3H and 3He EDMs.
7A. Deuteron EDM
The EDM operator Dˆ is composed by two parts,
Dˆ = DˆPC + DˆTRV. (36)
The DˆPC receives contribution at LO from the nuclear
EDM polarization operator
DˆPC = e
∑
i
1 + τz(i)
2
ri, (37)
where e > 0 is the electric unit charge, τz(i) and ri are
the z component of the isospin and the position of the
i-th particle. The DˆTRV LO contribution comes from the
intrinsic nucleon EDM,
DˆTRV =
1
2
∑
i
[(dp + dn) + (dp − dn)τz(i)]σ(i) , (38)
where dp and dn are the EDM of proton and neutron re-
spectively and σ(i) is the spin operator which act on the
i-th particle. As discussed in Refs. [45, 46] both the DˆPC
and DˆTRV receive contributions from transition currents
at N2LO. Of course, a complete treatment of the EDM
up to N2LO needs to take care of them but hereafter
we neglect their contribution, showing only the effects of
N2LO TRV potential. In future work we plan to include
the N2LO current contributions in the calculations.
The nucleon EDM of an A nucleus can be expressed as
dA = 〈ψA+|DˆTRV|ψA+〉+ 2 〈ψA+|DˆPC|ψA−〉
≡ dATRV + dAPC , (39)
where |ψA+〉 (|ψA−〉) is defined to be the even-parity (odd-
parity) component of the wave function. In general, due
to the smallness of the LECs, the EDM can be expressed
as linear on the TRV LECs,
dATRV = dpap + dnan (40)
dAPC = g0a0 + g1a1 + g2a2 +∆3a∆
+ C1A1 + C2A2 + C3A3 + C4A4 + C5A5 ,(41)
where the ai for i = 0, 1, 2, a∆, Ai for i = 1, . . . , 5 and ap,
an are numerical coefficients independent on the LECs
values (however, they do depend on the cutoff Λ in the
PC and TRV chiral potentials).
We evaluate also the theoretical errors associated with
the chiral expansion of the nuclear potential. We express
the error on the numerical coefficients for the deuteron
as,
(δai)
2
=
(
δaPCi
)2
+
(
δaTRVi
)2
, (42)
where δaPCi is the error associated to the chiral expan-
sion of the PC potential and δaTRVi the error associated
with the chiral expansion of the TRV potential. Both the
contributions were evaluated following the prescriptions
of Epelbaum et al. [27] where as reference momentum
Λ(MeV) 450 500 550
an(ap) 0.934 ± 0.001 0.939 ± 0.001 0.938 ± 0.001
a1 0.192 ± 0.006 0.197 ± 0.004 0.194 ± 0.003
a∆ −0.306 ± 0.174 −0.341 ± 0.153 −0.349 ± 0.137
A3 0.013 ± 0.004 0.013 ± 0.004 0.013 ± 0.004
A4 −0.013 ± 0.004 −0.013 ± 0.004 −0.013 ± 0.004
TABLE II. Values of the deuteron coefficients an and ap in
units of dp and dn and of a1, a∆, A3, A4 in units of e fm for
the three different choices of cutoff parameters Λ.
in the calculation of the errors we used the mass of the
pion. It is straightforward to understand that the errors
are dominated by the TRV part because we are using the
N2LO potential for it and the N4LO potential for the PC
part.
The coefficients for the deuteron, evaluated with the
N4LO PC potential and the N2LO TRV potential and
the associated errors for the three different choices of the
cutoff parameters, are given in Table II. The coefficients
ap and an multiplying the intrinsic neutron and proton
EDM, as already pointed out first in Ref. [49] and then
in Ref. [47], are given by,
an = ap =
(
1− 3
2
PD
)
, (43)
where PD is the percentage of D-wave present in the
deuteron wave function. The values of an and ap ob-
tained using the Entem and Machleidt at N4LO for
three different choices of the cut off are reported in Ta-
ble II. The operator DˆPC for the deuteron reduces to
DˆPC = (τz(1) − τz(2))r therefore d2PC in Eq. (41) re-
ceives contribution only from the component 3P1 which
has T = 1. This component is generated by the TRV
potential components proportional to (σ1+σ2), namely
those proportional to g1, ∆3, C3 and C4.
The coefficient a∆ can be written as,
a∆ = a∆(0)+
(
c1a∆(1)+ c2a∆(2)+ c3a∆(3)
)
+a∆(RC) ,
(44)
where the first term comes from V
(3π,0)
TRV , the term in
parenthesis from V
(3π,1)
TRV , where the LECs c1, c2 and c3
appear, and the last term from V
(3π,RC)
TRV . In Table III
we report the values of the coefficients a∆(i) evaluated
using the N4LO PC potential for the various cut-off. We
observe that, taking individually the coefficients which
multiplies the LECs ci, their correction to the NLO is
between 13 − 23% which is in line with what we expect
from the chiral expansion. However, using the values
of ci given in Table I the total correction of V
(3π,1)
TRV is
about 66%, which is very large compared to what we ex-
pect adding a new order in the potential. Therefore, the
value of a∆ is very sensitive to the V
(3π,1)
TRV component of
the potential and on the choice of the values of the con-
stant ci and in particular of c3. This is reflected also in
8Λ(MeV) 450 500 550
a∆(0) −0.872 −0.894 −0.894
a∆(1) 0.117 0.120 0.120
a∆(2) −0.119 −0.119 −0.117
a∆(3) −0.209 −0.207 −0.203
a∆(RC) −0.042 −0.037 −0.032
TABLE III. Values of the various components of the deuteron
coefficients a∆ as given in Eq. (44) in units of e fm evaluated
using the N4LO PC potential for the three different choices
of cutoff parameters Λ.
TRV pot. an(= ap) a1 a∆ A3 A4
Ref. [47](NLO) 0.939 0.183 −0.748 0.006 −0.006
This work (NLO) 0.939 0.200 −0.893 − −
This work (N2LO) 0.939 0.197 −0.341 0.013 −0.013
TABLE IV. Comparison of the coefficients a1, a∆, A3 and
A4 for the deuteron with the result of Refs. [47]. To be notice
that in this work we use e > 0. For this work we report the
calculation up to NLO and N2LO.
the large error associated with this coefficient reported in
Table II. On the other hand, the V
(3π,RC)
TRV contribution is
about ∼ 4% as expected for a relativistic corrections. We
notice also that the values of the coefficients for the three
different cut-off are compatible within the error bars.
We now compare our results with the values reported
in Ref. [47] where the Authors used the same TRV poten-
tial at NLO with a N2LO PC potential with three-body
forces [53, 57]. In Table IV we compare our results ob-
tained with our TRV potential up to NLO and N2LO
with a cutoff Λ = 500 MeV with the ones reported in
Ref. [47].
In order to compare the values of the Ai coefficient we
divide the reported values for 2(~c)
3
Λ2
χ
fpi
which permits to con-
nect the two potentials. As can be seen from Table IV,
our values at NLO seem to be systematically larger com-
pared to the values reported in Ref. [47]. Even if we use
a different PC potential, the reason should be found in
the different regularization function. However, from a
qualitative point of view there is a substantial agreement
with Ref. [47]. Similar agreement has been founded for
a1 with the result reported in Refs. [19, 49, 50] while are
smaller compare the results reported in Refs. [42, 48].
B. 3H and 3He EDMs
In this section we report the results obtained for the
EDM of the 3H and 3He. The wave functions of 3H and
3He have been obtained with the hyperspherical harmon-
ics (HH) [58, 59] from the Hamiltonians N4LO/N2LO-
500, N4LO/N2LO-450 and N4LO/N2LO-550 discussed
3H 3He
Λ(MeV) 450 500 550 450 500 550
a∆(0) −0.716 −0.751 −0.758 −0.716 −0.749 −0.755
a∆(1) 0.093 0.098 0.099 0.093 0.098 0.099
a∆(2) −0.107 −0.110 −0.110 −0.106 −0.109 −0.109
a∆(3) −0.194 −0.198 −0.198 −0.192 −0.196 −0.196
a∆(RC) −0.048 −0.046 −0.042 −0.048 −0.044 −0.041
a∆(3N) −0.202 −0.190 −0.205 −0.193 −0.180 −0.196
TABLE V. Values of the various components of a∆ as given
in Eq. (46) for 3H and 3He in units of e fm evaluated using
the N4LO/N2LO PC potential for the three different choices
of cutoff parameters Λ.
in Sec. IV. Moreover, we evaluated also the errors on the
numerical coefficients due to the chiral expansion as,
(δai)
2
=
(
δaPCi
)2
+
(
δaTRVi
)2
+
(
δaψi
)2
, (45)
where δaPCi and δa
TRV
i are the same as in Eq. (42), while
δaψi is the error associated to the numerical accuracy of
the 3-body wave function which we estimated to be of the
order of ∼ 1%. The calculated values of the numerical
coefficients for the three choices of the cutoff with their
associated errors are reported in Table VI.
The a∆ can be written as,
a∆ = a∆(0) +
(
c1a∆(1) + c2a∆(2) + c3a∆(3)
)
+
a∆(RC) + a∆(3N), (46)
where a∆(0), a∆(1), a∆(2), a∆(3) and a∆(RC) are de-
fined as in Eq. (44) while a∆(3N) represents the TRV
3-body potential contribution. In Table V we report
the values of the coefficients a∆(i) evaluated using the
N4LO/N2LO-Λ PC potential for the various cut-off. The
a∆(3N) give a correction to a∆(0) of the order of the
∼ 25%, which is in line with the chiral perturbation the-
ory prediction because both the contributions appear at
the same order. For completeness we report in Table VIII
of Appendix D the convergence pattern of this contribu-
tion as function of the HH basis expansion. For both 3H
and 3He, using the values of the ci reported in Table I, we
have found a correction to a∆(0) due to V
(3π,1)
TRV of ∼ 79%,
and of order ∼ 6% due to V (3π,RC)TRV . While the RC are
in line with what we expect, the V
(3π,1)
TRV corrections have
much more impact on the values of a∆ than predicted
by the chiral perturbation theory. The large correction
due to V
(3π,1)
TRV that appears at N2LO is also reflected in
the large uncertainties associated with this coefficient.
Again, the estimated uncertainties depends critically on
the adopted values of c1, c2, and c3 (see Table I).
The contribution of the TPE diagrams to a0 and a2
are of the order of ∼ 45% and ∼ 40% respectively which
is larger than expected from the chiral convergence and
they are due mainly to the box diagram in Fig. 1. On the
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FIG. 2. Values of the coefficient a0 for the
3H nucleus and for
the three choice of the cutoff when varying the chiral order of
the PC potential.
other hand, the RC to a0, a1 and a2 are of the order of
∼ 1 − 3% perfectly consistent with the prediction of the
chiral perturbation theory. The effects of the PC NNN
potential on the values of all the coefficients is around
∼ 2%. From Table VI it is possible also to observe that
the values of the numerical coefficients are mostly equal
in modulus between 3H and 3He except ap and an. More-
over, it is possible to observe that the isovector terms
have the same sign for 3H and 3He. The isovector part
of the TRV potential depends on the third component of
the isospin, therefore the |ψA−〉 wave function component
generated has a sign − for 3H and a + for 3He. However,
in the DˆPC there is the τz(i) operator which bring again
a sign − for 3H and + for 3He giving in total a +.
In Table VII we compare our calculations at NLO for
a value of the cutoff Λ = 500 MeV with the values re-
ported in Ref. [47]. As can be seen inspecting the val-
ues of the coefficients evaluated at NLO, there is a nice
agreement with the results of Ref. [47]. The numerical
differences (which however are within the error bars re-
ported in Ref. [47]) must be searched in the different PC
potential and in the different regularization function in
the TRV potential employed here. On the other hand
for a
(3)
∆ , the pure three body part of a∆, the difference
is of one order of magnitude which can not be explained
by the different regularization function used. We found
a good agreement for the values of a0 and a1 with the
results obtained using a phenomenological potential and
the meson exchange TRV potential in Refs. [49, 50] while
we obtain smaller values compare to Refs. [42, 48].
In the case of 3H and 3He we studied also the depen-
dence of the values of the coefficients on the chiral order
of the PC potential. As example, in Fig. 2 and 3 we show
the values of the coefficient a0 and a
(3)
∆ for
3H evaluated
using the N2LO TRV potential with different chiral order
of the PC potential and for the three different choices of
the cutoff. In all the case we studied, the values eval-
uated with the N2LO, N3LO and N4LO PC potential
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FIG. 3. The same as Fig. 2 but for the coefficient a
(3)
∆ .
differ by less than 5% which confirm the robustness of
the calculation.
V. CONCLUSIONS
In this work we derived the TRV NN and NNN po-
tential at N2LO. In order to derive the potential we have
considered the most generic Lagrangian without any spe-
cific hypothesis for the TRV source. With the derived po-
tential, we have calculated the EDM of 2H, 3H and 3He
investigating the effect of the N2LO components. We
have found that the sensitivity of the light nuclei EDM
to the LEC ∆3 found at NLO, is well reduced by the
N2LO contribution which is a quite unexpected behav-
ior inside the chiral perturbation framework. We also
checked the robustness of our calculation, evaluating the
EDM of the nuclei using different chiral orders in the PC
potential. The discrepancy between the use of the N2LO
and the N4LO PC potential is approximately 5%.
We have compared our results with the existing other
values reported in literature and in particular with the
calculation of Ref. [47]. We have found a substantial
agreement with the results reported in Ref. [47] where
the small numerical differences can be originated by
the different function used to regularize the potential.
We have found a qualitative agreement with those of
Refs. [19, 49, 50] while we have obtained smaller values
compared to Refs. [42, 48].
Our results depend on eleven coupling constants that
10
3H 3He
Λ (MeV) 450 500 550 450 500 550
an −0.032± 0.001 −0.033 ± 0.001 −0.035 ± 0.001 0.900 ± 0.009 0.908 ± 0.009 0.906 ± 0.009
ap 0.901 ± 0.009 0.909 ± 0.009 0.907 ± 0.009 −0.032± 0.001 −0.033 ± 0.001 −0.034 ± 0.001
a0 −0.052± 0.012 −0.055 ± 0.013 −0.052 ± 0.012 0.053 ± 0.012 0.056 ± 0.013 0.052 ± 0.012
a1 0.147 ± 0.005 0.154 ± 0.004 0.155 ± 0.003 0.148 ± 0.005 0.155 ± 0.004 0.155 ± 0.003
a2 −0.114± 0.010 −0.120 ± 0.009 −0.121 ± 0.008 0.112 ± 0.009 0.118 ± 0.009 0.119 ± 0.008
a∆ −0.378± 0.105 −0.388 ± 0.101 −0.407 ± 0.088 −0.373± 0.106 −0.383 ± 0.102 −0.402 ± 0.089
A1 0.005 ± 0.001 0.006 ± 0.001 0.006 ± 0.001 −0.005± 0.002 −0.006 ± 0.002 −0.006 ± 0.001
A2 −0.009± 0.003 −0.010 ± 0.003 −0.010 ± 0.003 0.009 ± 0.003 0.010 ± 0.003 0.010 ± 0.002
A3 −0.008± 0.002 −0.008 ± 0.002 −0.008 ± 0.002 −0.008± 0.003 −0.008 ± 0.002 −0.008 ± 0.002
A4 0.012 ± 0.004 0.013 ± 0.004 0.013 ± 0.004 0.012 ± 0.004 0.013 ± 0.004 0.013 ± 0.003
A5 −0.021± 0.006 −0.022 ± 0.006 −0.022 ± 0.006 0.020 ± 0.006 0.022 ± 0.006 0.022 ± 0.005
TABLE VI. Values of the numerical coefficients for 3H and 3He in units of e fm (an (ap) in units of dn (dp)) for the three
different choices of the cutoff.
3H 3He
This work This work Ref. [47] This work This work Ref. [47]
(NLO) (N2LO) (NLO) (NLO) (N2LO) (NLO)
an −0.033 −0.033 −0.030 0.908 0.908 0.904
ap 0.909 0.909 0.918 −0.033 −0.033 −0.029
a0 −0.101 −0.055 −0.108 0.101 0.056 0.111
a1 0.158 0.154 0.139 0.158 0.155 0.139
a2 0.087 0.120 n.a. 0.086 0.118 n.a.
a
(2)
∆ −0.751 −0.198 −0.598 −0.749 −0.202 −0.608
a
(3)
∆ −0.190 − −0.017 −0.180 − −0.017
A1 − 0.006 0.005 − −0.006 −0.005
A2 − −0.010 −0.011 − 0.010 0.011
A3 − −0.008 −0.005 − −0.008 −0.005
A4 − 0.013 0.009 − 0.013 0.009
A5 − −0.022 n.a. − 0.022 n.a.
TABLE VII. Comparison of the values of the coefficients for 3H and 3He obtained for Λ = 500 MeV with the results of Ref. [47].
a
(2)
∆ and a
(3)
∆ correspond respectively to the 2-body and 3-body contribution to a∆. To be noticed that in this work we use
e > 0.
should be determined by comparing with experimental
data. As many authors already pointed out [37, 38, 40],
the size of the coupling constant depends on the CP vi-
olating model. Using our study it will be possible, in
case of more than one measurements, to determine the
LECs and then individuate the TRV source which gener-
ates the EDM by comparing the values of the calculated
LECs and their predicted sizes.
In future, we plan to use χEFT to derive the TRV
currents which give contribution at N2LO [45, 46]. This
would allow to have a fully consistent calculation of the
EDM of light nuclei up to N2LO. We also plan to study
the ~n− ~p and ~n− ~d spin rotation for an independent and
complementary study of TRV effects respect to EDM.
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Appendix A: Interaction vertices
It is convenient to decompose the interaction Hamilto-
nian HI as follows
HI=H
00+H01+H10+H02+H11+H20+· · · , (A1)
11
where Hnm has n creation and m annihilation operators
for the pion. Explicitly,
H00 =
1
Ω
∑
α′
1
α1α′2α2
b†α′
1
bα1b
†
α′
2
bα2M
00
α′
1
α1α′2α2
δp′
1
+p′
2
,p1+p2 ,
(A2)
H01 =
1√
Ω
∑
α′α
∑
q a
b†α′bαaq aM
01
α′α,q aδq+p,p′ , (A3)
H10 =
1√
Ω
∑
α′α
∑
q a
b†α′bαa
†
q aM
10
α′α,q aδq+p′,p , (A4)
H02 =
1
Ω
∑
α′α
∑
q′a′ q a
b†α′bαaq′a′aq aM
02
α′α,q′a′ q aδq+q′+p,p′ ,
(A5)
H11 =
1
Ω
∑
α′α
∑
q′a′ q a
b†α′bαa
†
q′a′aq aM
11
α′α,q′a′q aδq+p,q′+p′ ,
(A6)
H20 =
1
Ω
∑
α′α
∑
q′a′ q a
b†α′bαa
†
q′a′a
†
q aM
20
α′α,q′a′ q aδp,q+q′+p′ ,
(A7)
etc. Here αj ≡ pj , sj , tj denotes the momentum, spin
projection, isospin projection of nucleon j with energy
Ej =
√
p2j +M
2, q and a denote the momentum and
isospin projection of a pion with energy ωq =
√
q2 +m2π,
and Mnm are the vertex functions listed below. The
various momenta are discretized by assuming periodic
boundary conditions in a box of volume Ω. We note that
in the expansion of the nucleon field ψ we have only re-
tained the nucleon degrees of freedom, since anti-nucleon
contributions do not enter the TRV NN and NNN po-
tential at the order of interest here. We note also that in
general the creation and annihilation operators are not
normal-ordered. After normal-ordering them, tadpole-
type contributions result, which are relevant only for
renormalization, therefore we discard them hereafter.
The vertex functionsMnm involve products of Dirac 4-
spinors, which are expanded non-relativistically in pow-
ers of momenta, and terms up to order Q3 are retained.
Useful formulas are reported in Appendix F of Ref. [51].
(1) (2) (3) (4) (5)
FIG. 4. Vertices entering the TRV potential at N2LO. The
solid (dash) lines represent nucleons (pions). The open (solid)
symbols denote PC (TRV) vertices.
The interaction vertices needed for the construction of
the TRV potential, without considering renormalization
contributions, are summarized in Fig. 4. Note that in the
power counting of these vertices below, we do not include
the 1/
√
ωk normalization factors in the pion fields. We
obtain:
1. πNN vertices. The PC interaction term is derived
in Appendix F of Ref. [51]. For completeness, here
we report the final formula for the PC vertex up to
order Q3 that reads,
PCMπNN,01α′α,q a =
gA
2fπ
τa√
2ωq
[
i q · σ − i
M
ωq K · σ
+
i
4M2
(
2K · q K · σ − 2K2 q · σ
−1
2
k · σ q · k
)]
+
m2π
fπ
(2d16 − d18) τa√
2ωq
iq · σ , (A8)
PCMπNN,10α′α,q a = −PCMπNN,01α′α,q a . (A9)
In diagrams, these PC vertex functions are repre-
sented as open circles. The TRV πNN vertices are
due to interaction terms proportional to LECs g0,
g1 and g2 which corresponds to isoscalar, isovector
and isotensor interaction, plus terms which derive
from LπN (1)TRV and LπN (2)TRV given in Eqs. (3) and (4).
They read (up to order Q2),
TRVMπNN,01α′α,q a = −
(g0τa + g1δa,3 + g2τ3δa,3)√
2ωq
×
[
1− 1
4M2
(
2K2 + i k ×K
)]
− ig(1)V
ǫab3τb
fπ
√
2ωq
[
ωq − 1
2M
K · q]
+
m2π
f2π
√
2ωq
(
g
(2)
S1 τa + g
(2)
V 1δa,3 + g
(2)
T1 τ3δa,3
)
− ω
2
q
f2π
√
2ωq
(
g
(2)
S2 τa + g
(2)
V 2δa,3 + g
(2)
T2 τ3δa,3
)
,
(A10)
TRVMπNN,10α′α,q a = −
(g0τa + g1δa,3 + g2τ3δa,3)√
2ωq
×
[
1− 1
4M2
(
2K2 + i k ×K
)]
+ ig
(1)
V
ǫab3τb
fπ
√
2ωq
[
ωq − 1
2M
K · q]
+
m2π
f2π
√
2ωq
(
g
(2)
S1 τa + g
(2)
V 1δa,3 + g
(2)
T1 τ3δa,3
)
− ω
2
q
f2π
√
2ωq
(
g
(2)
S2 τa + g
(2)
V 2δa,3 + g
(2)
T2 τ3δa,3
)
,
(A11)
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2. ππNN vertices. The PC interaction is needed up
to NLO in the NR expansion at the order we are
interested. The corresponding vertex functions will
receive contribution from the Weinberg-Tomozawa
term and from L(2)Nπ. The vertex functions read,
PCMππNN,02α′α,q′a′ q a =
i
8f2π
ǫaa′bτb√
2ωq
√
2ωq′
[
(ωq − ωq′)
− 2K · (q − q
′)− i(k × σ) · (q − q′)
2M
]
+
δij
f2π
c1(2m
2
π) + c2ωqωq′ + c3(ωqωq′ − q · q′)√
2ωq
√
2ωq′
− c4
2f2π
ǫaa′bτb√
2ωq
√
2ωq′
(q × q′) · σ , (A12)
PCMππNN,20α′α,q′a′ q a =
i
8f2π
ǫaa′bτb√
2ωq
√
2ωq′
[
(ωq′ − ωq)
− 2K · (q
′ − q)− i(k × σ) · (q′ − q)
2M
]
+
δij
f2π
c1(2m
2
π) + c2ωqωq′ + c3(ωqωq′ − q · q′)√
2ωq
√
2ωq′
− c4
2f2π
ǫaa′bτb√
2ωq
√
2ωq′
(q × q′) · σ . (A13)
The PCMππNN,11α′α,q′a′ q a vertex is not needed for the
evaluation of the time-ordered diagrams.
3. 3π vertices. The TRV Lagrangian has a three-pion
interaction term shown in diagram (4) of Fig. 4.
The vertices, neglecting the tadpole terms, are
given by H3πI = H
3π,03
I +H
3π,12
I +H
3π,21
I +H
3π,30
I ,
where
H3π,03I =
1
Ω3/2
∑
qa q′a′
pb
aq aaq′ a′ap b M
3π,03
qa q′a′ pb δq+q′+p,0 ,
(A14)
H3π,12I =
1
Ω3/2
∑
qa q′a′
pb
aq aaq′ a′a
†
p b M
3π,12
qa q′a′ pb δq+q′,p ,
(A15)
H3π,21I =
1
Ω3/2
∑
qa q′a′
pb
aq aa
†
q′ a′a
†
p b M
3π,21
qa q′a′ pb δq,q′+p ,
(A16)
H3π,30I =
1
Ω3/2
∑
qa q′a′
pb
a†q aa
†
q′ a′a
†
p b M
3π,30
qa q′a′ pb δ0,q+q′+p ,
(A17)
with,
TRVM3π,03qaq′a′ pb = −
∆M
3
√
2ωq 2ωq′ 2ωp
× (δa,a′δb,3 + δa,bδa′,3 + δa′,bδa,3) ,
(A18)
TRVM3π,12qaq′a′ pb = 3
TRVM3π,03qa q′a′ pb , (A19)
TRVM3π,21qaq′a′ pb = 3
TRVM3π,03qa q′a′ pb , (A20)
TRVM3π,30qaq′a′ pb =
TRVM3π,03qa q′a′ pb . (A21)
4. 4N contact interaction. The EFT Hamiltonian in-
cludes also the term given in Eq. (A2) derived from
a contact Lagrangian. We only need its TRV part
of order Q, which includes five independent inter-
action terms. With a suitable choice of the LECs,
the vertex function TRVM00 can be written as
TRVM00α′
1
α1α′2α2
=
1
2Λ2χfπ
[
C1ik1 · (σ1 − σ2)
+ C2 τ 1 · τ 2 ik1 · (σ1 − σ2)
+
C3
2
(
(τ1z + τ2z) ik1 · (σ1 − σ2)
− (τ1z − τ2z) ik1 · (σ1 + σ2)
)
+
C4
2
(
(τ1z + τ2z) ik1 · (σ1 − σ2)
+ (τ1z − τ2z) ik1 · (σ1 + σ2)
)
+ C5 (3τ1zτ2z − τ 1 · τ 2) ik1 · (σ1 − σ2)
]
,
(A22)
where k1 = p
′
1 − p1 = −p′2 + p2.
Appendix B: The TRV NN potential
In this section we discuss the derivation of the TRV
NN and NNN potential, providing explicit expressions
of the diagrams given in Fig. 1. The power counting is
as follows: (i) a PC (TRV) πNN vertex is of order Q
(Q0); (ii) a PC ππNN vertex is of order Q1; (iii) a TRV
3π vertex is of order Q−3; (iv) a PC (TRV) NN contact
vertex is of order Q0 (Q); (v) an energy denominator
without (with one or more) pions is of order Q−2 (Q−1);
(vi) factors Q−1 and Q3 are associated with, respectively,
each pion line and each loop integration. The momenta
are defined as given in Eq. (21), and in what follows use
is made of the fact that k ·K vanishes in the c.m. frame.
It is useful to define the isospin operator as,
T0 = τ 1 · τ 2 , (B1)
T+1 = (τ1z + τ2z) , (B2)
T−1 = (τ1z − τ2z) , (B3)
T2 = (3τ1zτ2z − τ 1 · τ 2) . (B4)
The TRV NN potential is derived from the amplitudes
in Fig. 1 via Eqs. (18)–(20). Up to order Q included, we
obtain for the OPE component in panel (a) of Fig. 1 :
V (a) = V (−1)(NR) + V (1)(RC) + V (1)(LEC) , (B5)
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where,
V (−1)(NR) =
gAg
∗
0
2fπ
T0
ik · (σ1 − σ2)
ω2k
+
gAg1
4fπ
[
T+1
ik · (σ1 − σ2)
ω2k
+ T−1
ik · (σ1 + σ2)
ω2k
]
+
gAg2
6fπ
T2
ik · (σ1 − σ2)
ω2k
, (B6)
V
(1)
TRV (RC) =
gAg
∗
0
8fπM2
T0
1
ω2k
×
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+ k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]
+
gAg1
16fπM2
1
ω2k
×
{
T−1
[
− i
2
(
8K2 + k2
)
k · (σ1 + σ2)
+ k · σ1(k ×K) · σ2 + k · σ2(k ×K) · σ1
]
+ T+1
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+ k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]}
+
gAg2
24fπM2
T2
1
ω2k
[
− i
2
(
8K2 + k2
)
k · (σ1 − σ2)
+ k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
]
,
(B7)
V
(1)
TRV (LEC) = V
(−1)
TRV (NR)
2m2π
gA
(2d16 − d18)
+
gA
2f3π
T0ik · (σ1 − σ2)
[
g
(2)
S2 − g(2)S1
m2π
ω2k
]
+
gA
4f3π
[
T+1 ik · (σ1 − σ2) + T−1 ik · (σ1 + σ2)
]
×
[
g
(2)
V 2 − g(2)V 1
m2π
ω2k
]
+
gA
6f3π
T2ik · (σ1 − σ2)
[
g
(2)
T2 − g(2)T1
m2π
ω2k
]
+
g
(1)
V gA
2f2πM
(τ 1 × τ 2)zK · (σ1 + σ2) , (B8)
where g∗0 = g0+ g2/3. The contribution given in the first
line of Eq. (B8) renormalizes the coupling constants g∗0 ,
g1 and g2 in the OPE term. The terms of Eq. (B8) which
are multiplied by the factor m2π/ω
2
k are also reabsorbed
in the constant g∗0 , g1 and g2 while all the other terms
are reabsorbed in the LECs C2, C4 and C5 in Eq. (30).
Regarding the last term in Eq. (B8), it is possible to use a
Fierz transformation obtaining a combination of the op-
erators which multiplies the LECs C3 and C4. Therefore
all V
(1)
TRV (LEC) can be reabsorbed in the OPE and con-
tact potentials. The factor k2 = ω2k−m2π in the isoscalar,
isovector and isotensor component of V (1)(RC) leads to
a piece that can be reabsorbed in the contact term pro-
portional to C2, C4 and C5 in Eq. (30) and a piece pro-
portional to m2π that simply renormalizes the LECs g
∗
0 ,
g1 and g2.
The component of the TRV potential coming from the
contact terms in panel (b) of Fig. 1 derives directly from
the vertex function TRVM00 given in Eq. (A22). The
final expression has already been given in Eq. (30). The
diagrams reported in panels (c) and (d) contain a com-
bination of a contact interaction with the exchange of a
pion. However, it can be shown that their contribution
is at least of order Q3 .
Next we consider the TPE components in panels (e)-
(h). The contribution from diagrams (e) reads,
V (1)(e) = −gAg
∗
0
4f3π
T0 ik · (σ1 − σ2)
∫
q
1
ω+ω−(ω+ + ω−)
+
gAg2
12f3π
T2 ik · (σ1 − σ2)
∫
q
1
ω+ω−(ω+ + ω−)
,
(B9)
where ω± =
√
(k ± q)2 + 4m2π and
∫
q
=
∫
dq
(2π)3 . The
isovector component of the OPE vertex vanishes since
the integrand is proportional to q, therefore there is no
isovector component from panel (e). Dimensional regu-
larization allows one to obtain the finite part as,
V
(1)
(e) =
gAg
∗
0
fπΛ2χ
T0ik · (σ1 − σ2)L(k)
− gAg2
3fπΛ2χ
T2ik · (σ1 − σ2)L(k) , (B10)
where Λχ = 4πfπ and the loop function L(k) is defined
as
L(k) =
1
2
s
k
ln
(
s+ k
s− k
)
, s =
√
k2 + 4m2π . (B11)
The singular part is given by,
V (1)∞ (e) =
gAg
∗
0
2fπΛ2χ
T0ik · (σ1 − σ2)(dǫ − 2)
− gAg2
6fπΛ2χ
T2ik · (σ1 − σ2)(dǫ − 2) , (B12)
where
dǫ = −2
ǫ
+ γ − lnπ + ln
(
m2π
µ2
)
, (B13)
ǫ = 3−d, d being the number of dimensions (d→ 3), and
µ is a renormalization scale. This singular contribution
is absorbed in the V
(CT)
TRV term proportional to C2 for the
isoscalar part and to C5 for the isotensor part.
The contributions from panels (f)-(h) in Fig. 1 are col-
lectively denoted as “box” below, and the non-iterative
pieces in reducible diagrams of type (h) are identified via
Eq. (20). From the panel (f) we obtain,
V (1)(f) =
{
− g
3
Ag
∗
0
16f3π
(3 + 2 T0)ik · (σ1 − σ2)
14
+
g3Ag2
48f3π
T2 ik · (σ1 − σ2)
− g
3
Ag1
32f3π
[
T+1 ik · (σ1 − σ2) + T−1 ik · (σ1 + σ2)
]}
×
∫
q
ω2+ + ω+ω− + ω
2
−
ω3+ω
3
−(ω+ + ω−)
(k2 − q2) , (B14)
while the contribution of panel (g) results,
V (1)(g) =
{g3Ag∗0
16f3π
(3− 2 T0)ik · (σ1 − σ2)
+
g3Ag2
48f3π
T2 ik · (σ1 − σ2)
+
g3Ag1
32f3π
[
T+1 ik · (σ1 − σ2) + T−1 ik · (σ1 + σ2)
]}
×
∫
q
ω2+ + ω+ω− + ω
2
−
ω3+ω
3
−(ω+ + ω−)
(k2 − q2) . (B15)
The complete “box” contribution is given by the sum of
V (f) and V (g) and it reads,
V (1)(box) =
{
− g
3
Ag
∗
0
4f3π
T0 ik · (σ1 − σ2)
+
g3Ag2
12f3π
T2 ik · (σ1 − σ2)
}
×
∫
q
ω2+ + ω+ω− + ω
2
−
ω3+ω
3
−(ω+ + ω−)
(k2 − q2) , (B16)
where all the isovector terms cancel out. After dimen-
sional regularization, the finite part reads,
V
(1)
(box) =
g3Ag
∗
0
fπΛ2χ
T0 ik · (σ1 − σ2)[H(k)− 3L(k)]
− g
3
Ag2
3fπΛ2χ
T2 ik · (σ1 − σ2)[H(k)− 3L(k)] ,
(B17)
where
H(k) =
4m2π
s2
L(k) , (B18)
while the singular part is given by,
V (1)∞ (box) = −
g3Ag
∗
0
fπΛ2χ
T0 ik · (σ1 − σ2)
(3
2
dǫ − 1
)
+
g3Ag2
3fπΛ2χ
T2 ik · (σ1 − σ2)
(3
2
dǫ − 1
)
. (B19)
The latter is absorbed in the V
(CT)
TRV term proportional to
C2 for the isoscalar part and to C5 for the isotensor part.
Now we consider the contributions that come from the
panels (i) and (l) of Fig. 1. At NLO the contributions
of the panel (l) cancel out due to the isospin structure of
the vertices. The contribution of diagrams (i) result,
V (0)(i) = −5g
3
A∆3M
32f3π
1
ω2k
[
T+1 ik · (σ1 − σ2)
+ T−1 ik · (σ1 + σ2)
] ∫
q
k2 − q2
ω2+ω
2
−
. (B20)
Using dimensional regularization we obtain,
V
(0)
(i) = −5g
3
A∆3M
4fπΛ2χ
π
ω2k
(
T−1 ik · (σ1 − σ2)
+ T+1 ik · (σ1 − σ2)
)[(
1− 2m
2
π
s2
)
s2A(k) +mπ
]
,
(B21)
where,
A(k) =
1
2k
arctan
( k
2mπ
)
. (B22)
To be noticed that the use of dimensional regulariza-
tion does not give the divergent part of the integral in
Eq. (B20). This is due to the fact that the dimensional
regularization cannot deal with linear divergences. To ex-
plicit the linear divergence we use a simple regularization
of Eq. (B20), namely we integrate over q up to a (large)
value ΛR. The result for the non divergent part is equal
to the one reported in Eq. (B20) while the divergent part
reads,
V (0)∞ (i) = −
5g3A∆3M
4fπΛ2χ
1
ω2k
(
T−1 ik · (σ1 − σ2)
+ T+1 ik · (σ1 − σ2)
)[
ΛR +O
( k2
ΛR
)]
, (B23)
where spurious contributions of order Q2/ΛR or more
appear but they can be neglected for ΛR → ∞. The
divergent part can be reabsorbed in the V
(CT)
TRV term pro-
portional to C4.
At N2LO the contribution of panel (i) comes both from
the second order in the pion propagator (PP) and in the
pion-nucleon vertex (PNV). For the former we obtain,
V (1)(i− PP) = −5g
3
A∆3
128f3π
1
ω2k
[
T+1 ik · (σ1 − σ2)
+ T−1 ik · (σ1 + σ2)
] ∫
q
ω2+ + ω+ω− + ω
2
−
ω3+ω
3
−(ω+ + ω−)
(
k2 − q2)2
+
5g3A∆3
8f3π
1
ω2k
∫
q
ω2+ + ω+ω− + ω
2
−
ω3+ω
3
−(ω+ + ω−)
× [k · σ1(q × k) · σ2(q ·K)τ1z
− k · σ2(q × k) · σ1(q ·K)τ2z
]
(B24)
while for the latter,
V (1)(i− PNV) = 5g
3
A∆3
64f3π
1
ω2k
[
T+1 ik · (σ1 − σ2)
+ T−1 ik · (σ1 + σ2)
] ∫
q
k2 + q2
ω+ω−(ω+ + ω−)
+
5g3A∆3
16f3π
1
ω2k
15
×
[(
k · σ1(k ×K) · σ2 + k · σ2(k ×K) · σ1
)
T−1
+
(
k · σ1(k ×K) · σ2 − k · σ2(k ×K) · σ1
)
T+1
]
×
∫
q
1
ω+ω−(ω+ + ω−)
. (B25)
Also in this case we use the dimensional regularization
that permits us to write the finite contribution as,
V (1)(i) = − 5g
3
A∆3
16fπΛ2χ
(T−1 ik · (σ1 + σ2)
+ T+1 ik · (σ1 − σ2))
×
(25
6
L(k)− 7
2
m2πL(k)
ω2k
+ 2
m2πH(k)
ω2k
)
− 25g
3
A∆3
12fπΛ2χ
1
ω2k
×
[
T−1
(
(k ×K) · σ2k · σ1 + (k ×K) · σ1k · σ2
)
+ T+1
(
(k ×K) · σ2k · σ1 − (k ×K) · σ1k · σ2
)]
,
(B26)
while the divergent part reads,
V (1)∞ (i) =
5g3A∆3
16fπΛ2χ
(T−1 ik · (σ1 + σ2)
+ T+1 ik · (σ1 − σ2))
×
[m2π
ω2k
(151
12
dǫ − 305
18
)
− 25
12
dǫ − 2
9
]
. (B27)
The divergences present in Eq. (B27) are reabsorbed in
the V
(OPE)
TRV term proportional to g1 for the part which
multiply m2π/ω
2
k and in the V
(CT)
TRV term proportional to
C4 for the rest. All the divergences related to the term
where K is present cancel out.
The N2LO contribution of panel (l) in Fig. 1 is pro-
portional to the LECs c1, c2 and c3 of the PC sector and
it reads,
V (1)(l) = −5gA∆3M
2f3π
1
ω2k
[
T+1 ik · (σ1 − σ2)
+ T−1 ik · (σ1 + σ2)
](
c1m
2
π
∫
q
1
ω+ω−(ω+ + ω−)
+
c2 + c3
8
∫
q
1
ω+ + ω−
− c3
8
∫
q
k2 − q2
ω+ω−(ω+ + ω−)
)
.
(B28)
Using dimensional regularization we obtain for the finite
part,
V
(1)
(l) =
5gA∆3M
2fπΛ2χ
(T−1 ik · (σ1 + σ2)
+ T+1 ik · (σ1 + σ2))
×
[
4c1
m2πL(k)
ω2k
− c2
3
(
2L(k) + 6
m2π
ω2k
L(k)
)
− c3
2
(
3L(k) + 5
m2π
ω2k
L(k)
)]
, (B29)
while the divergent part is given by,
V (1)∞ (l) =
5gA∆3M
2fπΛ2χ
(T−1 ik · (σ1 + σ2)
+ T+1 ik · (σ1 − σ2))
[
c1
1
ω2k
(−2dǫ + 4)
− c2
3
(m2π
ω2k
(
5dǫ − 19
3
)
+
(
dǫ − 5
3
))
− c3
2
(m2π
ω2k
(11
2
dǫ − 25
3
)
+
(3
2
dǫ − 2
3
))]
. (B30)
As for the panel (i) the divergences which multiply
m2π/ω
2
k are reabsorbed in the V
(OPE) term proportional
to g1 while all the others in the V
(CT) term proportional
to C4. At N2LO panel (l) can receive contribution also
from the second order in the πNN and ππNN vertices
but due to the isospin structure these contributions van-
ish.
As regarding theNNN TRV potential all the contribu-
tions come from diagrams (m) of Fig. 1. The expression
we obtain at NLO is given in Eq. (33). The N2LO com-
ponent would come from NLO PC πNN vertex or in the
pion propagators. In both cases the different time-order
diagrams cancel out each-other completely.
Appendix C: The potential in configuration space
1. The NN potential
In this subsection we present the NN potential part
in the configuration space which follows directly from
Eq. (31) and it reads,
VTRV (r,p) = V
(OPE)(r) + V (TPE)(r) + V (3π,0)(r)
+ V (3π,1)(r) + V (CT)(r) + V (RC)(r,p)
+ V (3π,RC)(r,p) , (C1)
where p = −i∇ is the relative momentum operator. It
is convenient to define the operators,
Sˆ+r = (σ1 + σ2) · rˆ , (C2)
Sˆ−r = (σ1 − σ2) · rˆ , (C3)
Sˆ+L = −i(σ1 + σ2) · (rˆ × Lˆ) , (C4)
Sˆ−L = −i(σ1 − σ2) · (rˆ × Lˆ) , (C5)
Sˆ×r = (σ1 × σ2) · rˆ , (C6)
Sˆ+rL = σ1 · rˆ σ2 · Lˆ+ σ2 · rˆ σ1 · ~L , (C7)
Sˆ−rL = σ1 · rˆ σ2 · Lˆ− σ2 · rˆ σ1 · ~L , (C8)
where Lˆ = rˆ × p is the “reduced” orbital angular mo-
mentum operator. In terms of these, VTRV (r,p) can be
written as
V (OPE)(r) =
gAg
∗
0mπ
2fπ
T0 Sˆ
−
r g
′(r)
16
+
gAg1mπ
4fπ
(
T+1 Sˆ
−
r + T
−
1 Sˆ
+
r
)
g′(r)
+
gAg2mπ
6fπ
T2 Sˆ
−
r g
′(r) , (C9)
V (TPE)(r) =
gAg
∗
0m
3
π
fπΛ2χ
T0 Sˆ
−
r L
′(r)
+
g3Ag
∗
0m
3
π
fπΛ2χ
T0 Sˆ
−
r (H
′(r) − 3L′(r))
− gAg2m
3
π
3fπΛ2χ
T2 Sˆ
−
r L
′(r)
− g
3
Ag2m
3
π
3fπΛ2χ
T2 Sˆ
−
r (H
′(r) − 3L′(r)) , (C10)
V (3π,0)(r) = −5g
3
A∆3Mm
2
π
4fπΛ2χ
π
× (T+1 Sˆ−r + T−1 Sˆ+r )(A′(r) + g′(r)) (C11)
V (3π,1)(r) =
5gA∆3Mm
3
π
2fπΛ2χ
(T+1 Sˆ
−
r + T
−
1 Sˆ
+
r )[
4c1 L
′
ω(r) −
c2
3
(2L′(r) + 6L′ω(r))
− c3
2
(3L′(r) + 5L′ω(r))
]
, (C12)
V (CT)(r) =
m2π
Λ2χfπ
[
C1 Sˆ
−
r Z
′(r) + C2 T0 Sˆ
−
r Z
′(r)
+
C3
2
(T+1 Sˆ
−
r − T−1 Sˆ+r ) Z ′(r)
+
C4
2
(T+1 Sˆ
−
r + T
−
1 Sˆ
+
r ) Z
′(r)
+ C5 T2 Sˆ
−
r Z
′(r)
]
, (C13)
V (RC)(r,p) =
+
gAg
∗
0m
3
π
2fπM2
T0
[ Sˆ−r
4
(
g′′′(r) + 2
g′′(r)
r
− 2g
′(r)
r2
)
+ Sˆ−L
g′(r)
r2
− g
′(r)
r2
Sˆ−r L
2 − 1
4
(g′′(r)
r
+
g′(r)
r2
)
Sˆ−rL
+
(
Sˆ−r
(
g′′(r) + 2
g′(r)
r
)
− i Sˆ
×
r
2
g′(r)
r
) d
dr
+ g′(r)Sˆ−r
d2
dr2
] 1
m2π
+
gAg1m
3
π
4fπM2
T+1
[ Sˆ−r
4
(
g′′′(r) + 2
g′′(r)
r
− 2g
′(r)
r2
)
+ Sˆ−L
g′(r)
r2
− g
′(r)
r2
Sˆ−r L
2 − 1
4
(g′′(r)
r
+
g′(r)
r2
)
Sˆ−rL
+
(
Sˆ−r
(
g′′(r) + 2
g′(r)
r
)
− i Sˆ
×
r
2
g′(r)
r
) d
dr
+ g′(r)Sˆ−r
d2
dr2
] 1
m2π
+
gAg1m
3
π
4fπM2
T−1
[ Sˆ+r
4
(
g′′′(r) + 2
g′′(r)
r
− 2g
′(r)
r2
)
+
+ Sˆ+L
g′(r)
r2
− g
′(r)
r2
Sˆ+r L
2 − 1
4
(g′′(r)
r
− g
′(r)
r2
)
Sˆ+rL
+ Sˆ+r
(
g′′(r) + 2
g′(r)
r
) d
dr
+ g′(r)Sˆ+r
d2
dr2
] 1
m2π
+
gAg2m
3
π
6fπM2
T2
[ Sˆ−r
4
(
g′′′(r) + 2
g′′(r)
r
− 2g
′(r)
r2
)
+ Sˆ−L
g′(r)
r2
− g
′(r)
r2
Sˆ−r L
2 − 1
4
(g′′(r)
r
+
g′(r)
r2
)
Sˆ−rL
+
(
Sˆ−r
(
g′′(r) + 2
g′(r)
r
)
− i Sˆ
×
r
2
g′(r)
r
) d
dr
+ g′(r)Sˆ−r
d2
dr2
] 1
m2π
, (C14)
V (3π−RC)(r,p) = −5g
3
A∆3m
3
π
16fπΛ2χ
(T+1 Sˆ
−
r + T
−
1 Sˆ
+
r )(25
6
L′(r) − 7
2
L′ω(r) + 2H
′
ω(r)
)
+
25g3A∆3m
3
π
12fπΛ2χ
[
T+1
((g′′(r)
r
+
g′(r)
r2
)
Sˆ−rL
+ 2iSˆ×r
g′(r)
r
d
dr
)
+ T−1
(g′′(r)
r
− g
′(r)
r2
)
Sˆ+rL
] 1
m2π
,
(C15)
with
g(r) =
∫
d3k
(2π)3
CΛ(k)
mπ
1
ω2k
eik·r , (C16)
L(r) =
∫
d3k
(2π)3
CΛ(k)
m3π
L(k) eik·r , (C17)
H(r) =
∫
d3k
(2π)3
CΛ(k)
m3π
H(k) eik·r , (C18)
A(r) =
∫
d3k
(2π)3
CΛ(k)
m2π
s2 A(k)
ω2k
eik·r , (C19)
Lω(r) =
∫
d3k
(2π)3
CΛ(k)
mπ
L(k)
ω2k
eik·r , (C20)
Hω(r) =
∫
d3k
(2π)3
CΛ(k)
mπ
H(k)
ω2k
eik·r , (C21)
Z(r) =
∫
d3k
(2π)3
CΛ(k)
m2π
eik·r . (C22)
The functions g(r), L(r), H(r), A(r), Lω(r), Hω(r) and
Z(r) are calculated numerically by standard quadrature
techniques.
2. The NNN potential
In this section we present the explicit derivation of the
NNN potential in configuration space. Writing explic-
itly the integral in Eq. (34), neglecting the deltas for
simplicity, we get,
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V (x1,x2) =
− ∆3g
3
AM
4f3π
T3
1
2
∫
d3q
(2π)3
d3Q
(2π)3
e−i(q/2)·x2 e−iQ·x1
× i(Q+ q) · σ1 i(Q− q) · σ2 iQ · σ3
ω2+ω
2
−ω
2
Q
, (C23)
where T3 = τ 1 · τ 2 τ3z + τ 1 · τ 3 τ2z + τ 2 · τ 3 τ1z . The
momenta q andQ in Eq. (C23) can be rewritten applying
the gradient i∇ to the exponential functions and it reads,
V (x1,x2) =
∆3g
3
AM
4f3π
T3
1
2
[
(∇x1 + 2∇x2) · σ1 (∇x1 − 2∇x2) · σ2
×∇x1 · σ3
] ∫ d3Q
(2π)3
e−iQ·x1
ω2Q
∫
d3q
(2π)3
e−i(q/2)·x2
ω2+ω
2
−
.
(C24)
The integral in q in Eq. (C24) can be solved using the
Feynman tricks. The final result is
V (x1,x2) =
∆3g
3
AM
4f3π
T3
1
32π
[
(∇x1 + 2∇x2) · σ1
× (∇x1 − 2∇x2) · σ2 ∇x1 · σ3
] ∫ d3Q
(2π)3
e−iQ·x1
ω2Q
×
∫ 1
−1
dx ei(x/2)Qx2
e−(L/2)x2
L
, (C25)
where L =
√
Q2(1− x2) + 4m2π. The derivative are then
evaluated obtaining five integral operators Ii,
V (x1,x2) =
∆3g
3
AM
4f3π
T3
∑
i=1,5
Ii (C26)
where,
I1 = − i
16π
∫
d3Q
(2π)3
e−iQ·x1
ω2Q
∫ 1
−1
dx
× ei(x/2)Q·x2 e
−(L/2)x2
x2
(σ1 · σ2)Q · σ3 , (C27)
I2 = +
i
32π
∫
d3Q
(2π)3
e−iQ·x1
ω2Q
∫ 1
−1
dx (1 − x2)
× ei(x/2)Q·x2 e
−(L/2)x2
L
Q · σ1Q · σ2Q · σ3 ,
(C28)
I3 = − 1
32π
∫
d3Q
(2π)3
e−iQ·x1
ω2Q
∫ 1
−1
dx (1 − x)
× ei(x/2)Q·x2e−(L/2)x2Q · σ1 x2 · σ2Q · σ3 , (C29)
I4 = +
1
32π
∫
d3Q
(2π)3
e−iQ·x1
ω2Q
∫ 1
−1
dx (1 + x)
× ei(x/2)Q·x2e−(L/2)x2 x2 · σ1Q · σ2Q · σ3 ,
(C30)
I5 = +
i
32π
∫
d3Q
(2π)3
e−iQ·x1
ω2Q
∫ 1
−1
dx
(
L+
2
x2
)
× ei(x/2)Q·x2 e
−(L/2)x2
L
x2 · σ1 x2 · σ2Q · σ3 ,
(C31)
To be noticed that integral I4 = I3 exchanging particle 1
and 2.
In order to divide the angular integration in Qˆ from
the radial integration in Q, the exponential functions are
expanded in plane waves. Therefore the integrals Ii re-
sult,
Ii =
∑
l,l′
Oll
′
i J
ll′
i , (C32)
where Ji is the integral over Q while in Oi the integral is
over Qˆ. The expressions of Ji are explicitly given below:
J ll
′
1 =
1
8π
∫ 1
−1
dx
∫ ∞
0
dQ
Q2
ω2Q
CΛ(Q)e
−(L/2)x2
× jl
(xQx2
2
)
jl′(Qx1)
Q
x2
, (C33)
J ll
′
2 =
1
16π
∫ 1
−1
dx
∫ ∞
0
dQ
Q2
ω2Q
CΛ(Q)e
−(L/2)x2
× jl
(xQx2
2
)
jl′(Qx1)
Q3
L
(1− x2) , (C34)
J ll
′
3 =
1
16π
∫ 1
−1
dx
∫ ∞
0
dQ
Q2
ω2Q
CΛ(Q)e
−(L/2)x2
× jl
(xQx2
2
)
jl′(Qx1)Q
2(1− x) , (C35)
J ll
′
4 =
1
16π
∫ 1
−1
dx
∫ ∞
0
dQ
Q2
ω2Q
CΛ(Q)e
−(L/2)x2
× jl
(xQx2
2
)
jl′(Qx1)Q
2(1 + x) , (C36)
J ll
′
5 =
1
16π
∫ 1
−1
dx
∫ ∞
0
dQ
Q2
ω2Q
CΛ(Q)e
−(L/2)x2
× jl
(xQx2
2
)
jl′(Qx1)Q
(
L− 2
x2
)
, (C37)
where jl(x) are spherical Bessel functions and we in-
clude a regularization function CΛ(Q) which is defined
in Eq. (35). The functions Ji depend only on the mod-
ules of x1 and x2 and they are evaluated numerically by
standard quadrature techniques.
For the Oi integrals we get,
Oll
′
1 = (−i)il
′
(−i)l lˆ′ lˆ
∫
dQˆ
[
Yl′(Qˆ)Yl′(xˆ1)
]
0
×
[
Yl(Qˆ)Yl(xˆ2)
]
0
σ1 · σ2 Qˆ · σ3 , (C38)
Oll
′
2 = (+i)i
l′(−i)l lˆ′ lˆ
∫
dQˆ
[
Yl′(Qˆ)Yl′(xˆ1)
]
0
×
[
Yl(Qˆ)Yl(xˆ2)
]
0
Qˆ · σ1 Qˆ · σ2 Qˆ · σ3 , (C39)
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Oll
′
3 = −il
′
(−i)l lˆ′ lˆ
∫
dQˆ
[
Yl′(Qˆ)Yl′(xˆ1)
]
0
×
[
Yl(Qˆ)Yl(xˆ2)
]
0
Qˆ · σ1 xˆ2 · σ2 Qˆ · σ3 , (C40)
Oll
′
4 = +i
l′(−i)l lˆ′ lˆ
∫
dQˆ
[
Yl′(Qˆ)Yl′(xˆ1)
]
0
×
[
Yl(Qˆ)Yl(xˆ2)
]
0
xˆ2 · σ1 Qˆ · σ2 Qˆ · σ3 , (C41)
Oll
′
5 = (+i)i
l′(−i)l lˆ′ lˆ
∫
dQˆ
[
Yl′(Qˆ)Yl′ (xˆ1)
]
0
×
[
Yl(Qˆ)Yl(xˆ2)
]
0
xˆ2 · σ1 xˆ2 · σ2Q · σ3 , (C42)
which depend only to the angular part of the spatial co-
ordinates x1 and x2. The matrix element of the Oi oper-
ators between HH functions can easily expressed in terms
of products of 9-j, 6-j and 3-j Wigner symbols.
Appendix D: Details of the calculation and
convergence of the a∆(3N) coefficient
In order to compute the even-parity |ψA+〉 and odd-
parity |ψA−〉 component of the wave function we need to
solve the following eigenvalue problem,(
V ++PC V
+−
TRV
V −+TRV V
−−
PC
)(
|ψA+〉
|ψA−〉
)
= E
(
|ψA+〉
|ψA−〉
)
. (D1)
Using the fact that ||VTRV|| << ||VPC|| we can rewrite
the eigenvalue problem of Eq. (D1) as,{
V ++PC |ψA+〉 = E|ψA+〉
|ψA−〉 = −(V −−PC − E)−1V −+TRV|ψA+〉
, (D2)
where the first equation is the standard eigenvalue prob-
lem, while with the second we can compute the odd com-
ponent of the wave function. This approach from the
numerical point of view results more stable than solving
directly Eq. (D1) and permits to study the odd compo-
nent of the wave function without solving every time the
eigenvalue problem.
Let us study now the convergence pattern of the
a∆(3N) coefficient, defined in Eq. (46), in term of the
grandangular momentum K of the HH basis (for more
details, see Ref. [58, 59]). Increasing K is equivalent of
enlarging the expansion basis. To be definite, in this
appendix, we have considered the 3H case and used the
N4LO/N2LO-500 PC interaction.
Let us denote with K+ (K−) the maximum value of
the grandangular momentum of the HH functions used
to describe the even (odd) part of the wave function
|ψA+〉 (|ψA−〉). We have computed the even part of the
wave function up to complete convergence (K+ = 50)
obtaining a binding energy B(3H) = 8.476 MeV using
the first formula in Eq. (D2). For solving the second
equation of Eq. (D2) we have performed different calcu-
lations varyingK− and we have reported the correspond-
ing results for a∆(3N) in Table VIII. As can be seen by
inspecting the table, the pattern of convergence is very
smooth. A safe convergence at the third digit is reached
for K− ∼ 21, which was the value also selected for per-
forming the final calculations. On the other hand, the
value of a∆(3N) is not much sensitive to K
+, in particu-
lar when K+ > 20. Therefore, the value of the coefficient
a∆(3N) appears to be well under control in our calcula-
tion.
K− a∆(3N)
5 -0.1728
9 -0.1842
13 -0.1879
17 -0.1892
21 -0.1897
TABLE VIII. Convergence pattern of the 3H a∆(3N) coeffi-
cient as function of K−, the maximum grandangular momen-
tum of the HH functions used for constructing the odd-parity
component of the 3H wave function. For the even-parity we
have usedK+ = 50, a value sufficient to reach full convergence
of the even-parity component of the wave function. The re-
ported calculations are performed using N4LO/N2LO-500 PC
interaction.
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